
Ask sei
 Ergas�a
 sto M�jhmaExis¸sei
 Diafor¸n kai Efarmogè
A.E. 2008-091. Na luje� h Ex�swsh Diafor¸n:
xn+1 = 2−2n xn + 2−n2

.LÔsh. Gia ta ginìmena èqoume
n−1
∏

p=s+1

ap =

n−1
∏

p=s+1

2−2p =

n−1
∏

p=s+1

(2−2)p = (2−2)(s+1)+(s+2)+(s+3)+(n−1)

= (2−2)
(s+n)(n−1−s)

2 = (2−1)(s+n)(n−1−s) = 2(s+n)(s+1−n)

= 2s2+s+n−n2)

n−1
∏

p=1

ap = 2n−n2kai h lÔsh e�nai
xn =

(

n−1
∏

p=1

ap

)

x0 +
n−1
∑

s=0

(

n−1
∏

p=s+1

ap

)

bs

= 2n−n2

x0 +

n−1
∑

s=0

2s2+s+n−n2

2−s2

= 2n−n2

x0 +

n−1
∑

s=0

2s+n−n2

= 2n−n2

x0 + 2n−n2
n−1
∑

s=0

2s = 2n−n2

(

x0 +
2n − 1

2 − 1

)

= 2n−n2

(x0 + 2n − 1) .2. Na brejoÔn oi akolouj�e
 Fibonacci.LÔsh. Gia na broÔme ìle
 ti
 akolouj�e
 Fibonacci prèpei na lÔsoumethn Ex�swsh Diafor¸n
xn+2 − xn+1 − xn = 0 (1)



2 H (1) e�nai grammik  omogen 
 me stajeroÔ
 suntelestè
 kai èqei qarak-thristik  ex�swsh
λ2 − λ − 1 = 0me r�ze


ρ1 =
1 −

√
5

2
, ρ2 =

1 +
√

5

2
.Sunep¸
 èqei genik  lÔsh

xn = c1ρ
n
1 + c2ρ

n
2 =

(1 +
√

5

2

)n

+
(1 −

√
5

2

)n

.Apì ed¸, me n = 0, 1 èqoume:
{

x0 = c1 + c2

x1 = ρ1c1 + ρ2c2

} (2)To (2) me agn¸stou
 c1, c2 èqei or�zousa
D =

[

1 1
ρ1 ρ2

]

=
√

5 6= 0kai lÔsh
c1 =

1√
5

(

ρ2 x0 − x1

)

c2 =
1√
5

(

x1 − ρ1x0

)�ra
xn =

1√
5

[(

ρ2x0 − x1

)

ρn
1 +

(

x1 − ρ1x0

)

ρn
2

]

.Gia par�deigma, h akolouj�a me tou
 dÔo pr¸tou
 ìrou
 x0 = 1, x1 = 0pou e�nai h
1 , 0 , 1, 1 , 2 , 3 , . . .èqei genikì ìro

xn =
1√
5

[(

ρ2 − 0
)

ρn
1 +

(

0 − ρ1

)

ρn
2

]

=
ρ1ρ2√

5

[

ρn−1
1 − ρn−1

2

]

=
−1√

5

[

ρn−1
1 − ρn−1

2

]

.



3kai o genikì
 ìro
 d�nei
x0 =

−1√
5

[

ρ−1
1 − ρ−1

2

]

=
−1√

5

ρ2 − ρ1

ρ2ρ1
=

−1√
5

√
5

−1
= 1

x1 =
−1√

5

[

ρ0
1 − ρ0

2

]

= 0 .

x2 =
−1√

5

[

ρ1
1 − ρ1

2

]

=
−1√

5
(−

√
5) = 1

x3 =
−1√

5

[

ρ2
1 − ρ2

2

]

=
−1√

5

[

ρ1 − ρ2

][

ρ1 + ρ2

]

=
−1√

5
(−

√
5) · 1 = 1

x4 =
−1√

5

[

ρ3
1 − ρ3

2

]

=
−1√

5

[

ρ1 − ρ2

][

ρ2
1 + ρ1ρ2 + ρ2

2

]

=
−1√

5
(−

√
5)
[

(ρ1 + ρ2)
2 − ρ1ρ2

]

= 12 − (−1) = 2

x5 =
−1√

5

[

ρ4
1 − ρ4

2

]

=
−1√

5

[

ρ1 − ρ2

][

ρ1 + ρ2

][

(ρ1 + ρ2)
2 − 2ρ1ρ2

]

=
−1√

5
(−

√
5) · 1 ·

[

12 − 2(−1)
]

= 3k.lp.3. Na breje� mia merik  lÔsh th

xn+2 − 7 xn+1 + 10 xn = 3 · 2n . (3)me th mèjodo twn prosdioristèwn suntelest¸n.LÔsh. To qarakthristikì polu¸numo th
 (3) e�nai λ2 − 7λ + 10 kai èqeir�ze
 λ1 = 2 , λ2 = 5. To deÔtro mèlo
 th
 (3) e�nai th
 morf 


3 · 2n =
∑

1

3 · 2n
[

1 · cos (0 n) + B1 · sin (0 n)
]dhlad  èqei r1 = 2, c1 = 0, A1 = 1, B1 tuqìn kai sunep¸
 to

r1

[

cos (ck n) + i sin (ck n)
]

= 2e�nai r�za tou qarakthristikoÔ poluwnÔmou. 'Ara sk = 1 kai ètsi h (3)ja èqei mia merik  lÔsh th
 morf 
:
xn =

∑

1

n1 2n
[

a · cos (0 n) + B1 sin (0 n)
]

= a n 2n .Me antikat�stash th
 xn = a 2n sthn (3) èqoume
a (n + 2) 2n+2 − 7 a (n + 1) 2n+1 + 10 a n 2n = 3 · 2n =⇒ a = −1

2
.'Etsi mia merik  lÔsh th
 th
 (3) e�nai h yn = −1

2
n 2n .



4 4. Na breje� mia merik  lÔsh th

xn+2 − 5 xn+1 + 6 xn = cos

nπ

2
. (4)me th mèjodo twn prosdioristèwn suntelest¸n.LÔsh. To qarakthristikì polu¸numo th
 (4) e�nai λ2 − 5λ + 6 kai èqeir�ze
 λ1 = 2 , λ2 = 3. To deÔtro mèlo
 th
 (4) e�nai th
 morf 


cos
nπ

2
=
∑

1

1 · 1n
[

1 · cos
( π

2
n
)

+ 0 · sin
( π

2
n
) ]dhlad  èqei r1 = 1, c1 = π

2
, A1 = 1, B1 = 0 kai sunep¸
 to

1
[

cos
(π

2

)

+ i sin
(π

2

)]

= 1den e�nai r�za tou qarakthristikoÔ poluwnÔmou. 'Ara sk = 0 kai ètsi h(4) ja èqei mia merik  lÔsh th
 morf 
:
xn =

∑

1

n0 1n
[

a · cos
( π

2
n
)

+ b sin
( π

2
n
) ]

= a · cos
( π

2
n
)

+ b sin
( π

2
n
)

.Me antikat�stash th
 xn = a·cos
(

π
2
n
)

+ b sin
(

π
2
n
) sthn (4) èqoume

a cos
( π

2
(n + 2)

)

+ b sin
( π

2
(n + 2)

)

−5
[

a cos
( π

2
(n + 1) + b sin

( π

2
(n + 1)

)]

+6
[

a cos
( π

2
n
)

+ b sin
( π

2
n
)]

= cos
nπ

2
=⇒

{

5a − 5b = 1

5a + 5b = 0

}

=⇒
{

a = 1
10

b = − 1
10

} (5)'Etsi mia merik  lÔsh th
 th
 (4) e�nai h
yn =

1

10

[

cos
( π

2
n
)

− sin
( π

2
n
)]

.5. Na breje� mia merik  lÔsh th
 Ex�swsh
 Diafor¸n
xn+2 − 5 xn+1 + 6xn = 2 . (6)me th mèjodo metabol 
 twn paramètrwn.



5LÔsh. To qarakthristikì polu¸numo th
 ant�stoiqh
 omogenoÔ
 e�nai
λ2 − 5 λ + 6 = 0me r�ze
 λ1 = 2, λ2 = 3, �ra dÔo grammik¸
 anex�rthte
 lÔsei
 th
ant�stoiqh
 omogenoÔ
 e�nai

un = 2n , vn = 3nGia mia merik  lÔsh th
 mh omogenoÔ
 upolog�zoume th
 or�zouse

Ds =

∣

∣

∣

∣

∣

2s+1 3s+1

2n 3n

∣

∣

∣

∣

∣

= 3n2s+1 − 2n3s+1

Cs =

∣

∣

∣

∣

∣

2s+1 3s+1

2s+2 3s+2

∣

∣

∣

∣

∣

= 2s+13s+1Mia merik  lÔsh th
 (6) e�nai
yn =

n−1
∑

k=0

Ds

Cs
fs =

n−1
∑

k=0

3n2k+1 − 2n3k+1

2k+13k+1
· 2

= 2

[

3n−1

n−1
∑

s=0

(1

3

)s

− 2n−1

n−1
∑

k=0

(1

2

)s
]

= 3n − 2n+1 + 1 .6. Na breje� mia merik  lÔsh th
 Ex�swsh
 Diafor¸n
xn+2 − 2 xn+1 + xn = 2 . (7)me th mèjodo metabol 
 twn paramètrwn.LÔsh. To qarakthristikì polu¸numo th
 ant�stoiqh
 omogenoÔ
 e�nai

λ2 − 2 λ + 1 = 0me �se
 r�ze
 λ1 = λ2 = 1, �ra dÔo grammik¸
 anex�rthte
 lÔsei
 th
ant�stoiqh
 omogenoÔ
 e�nai
un = 1n = 1 , vn = n · 1n = nGia mia merik  lÔsh th
 mh omogenoÔ
 upolog�zoume th
 or�zouse

Ds =

∣

∣

∣

∣

1 s + 1
1 n

∣

∣

∣

∣

= n − s − 1

Cs =

∣

∣

∣

∣

1 s + 1
1 s + 2

∣

∣

∣

∣

= 1



6 Mia merik  lÔsh th
 (6) e�nai
yn =

n−1
∑

k=0

Ds

Cs

fs =
n−1
∑

s=0

n − s − 1

1
· 2 = 2

[

n−1
∑

s=0

n −
n−1
∑

s=0

s −
n−1
∑

s=0

1
]

= 2
(

n2 − (n − 1)n

2
− n

)

= 2n2 − n2 + n − 2n = n2 − n7. Na deiqje� ìti h xn = n e�nai lÔsh th

n(n + 1) xn+2 − 5 n(n + 2) xn+1 + 4 (n + 1)(n + 2) xn = 0kai na breje� mia deÔterh lÔsh me th mejodo upobibasmoÔ th
 t�xh
.LÔsh. H xn = n alhjeÔei diìti
n(n + 1)(n + 2) − 5(n + 2)(n + 1) + 4(n + 1)(n + 2)n = 0Me yn = xnun = nun e�nai

n(n + 1)(n + 2)un+2 − 5n(n + 2)(n + 1)un+1 + (n + 1)(n + 2)nun = 0

⇐⇒ n(n + 1)(n + 2)(un+2 − 5un+1 + 4un) = 0

⇐⇒ un+2 − un+1 − 4(un+1 − un) = 0

⇐⇒ ∆un+1 − 4∆un = 0Me zn = ∆un e�nai
zn+1 − 4zn = 0 =⇒ zn = 4nz0 =⇒

∆un = 4nz0 =⇒ un − u0 = z0

n−1
∑

s=0

4s = z0
4n − 1

4 − 1
=

z0

3
(4n − 1) =⇒

un = u0 +
z0

3
(4n − 1) = u0 +

∆u0

3
(4n − 1) = u0 +

1

3
(u1 − u0)(4

n − 1)me u0 = 0, u1 = 3, èqoume un = 4n − 1 kai pa�rnoume thn
yn = xnun = n(4n − 1)pou e�nai pr�gmati lÔsh.8. Na luje� h (mh grammik ) Ex�swsh Diafor¸n:

xn+1 =
4xn − 5

xn − 2
.LÔsh. H qarakthristik  ex�swsh e�nai λ2 − 6λ + 5 = 0 me r�ze
 λ1 =

1, λ2 = 5. Apo thn ex�swsh èqoume
xn+1 − 1

xn+1 − 5
=

4xn−5
xn−2

− 1
4xn−5
xn−2

− 5
=

4xn − 5 − xn + 2

4xn − 5 − 5xn + 10
= −3

xn − 1

xn − 5
.



7Me un =
xn − 1

xn − 5
èqoume thn un+1 = −3un me genik  lÔsh

un = (−3)nu0 ,�ra
xn − 1 = un(xn − 5) =⇒ xn(1 − un) = 1 − 5un =⇒

xn = ϕ(n, x0) =
1 − 5un

1 − un
=

5un − 1

un − 1
=

5(−3)nu0 − 1

(−3)nu0 − 1

=
5(−3)n x0−1

x0−5
− 1

(−3)n x0−1
x0−5

− 1
=

5(−3)n (x0 − 1) − (x0 − 5)

(−3)n (x0 − 1) − (x0 − 5)
.9. Na luje� h (mh grammik ) Ex�swsh Diafor¸n:

xn+1 =
xn − 1

xn + 3
.LÔsh. H qarakthristik  ex�swsh e�nai λ2 − 2 λ + 1 = 0 me �se r�ze


λ1 = λ2 = −1 = λ .ParathroÔme ìti h xn = λ e�nai mia stajer  lÔsh. Apo thn ex�swshèqoume
1

xn+1 + 1
=

1
xn−1
xn+3

+ 1
=

1
xn−1+xn+3

xn+3

=
xn + 3

2(xn + 1)
=

1

2

xn + 1 + 2

xn + 1

=
1

2

[

1 +
2

xn + 1

]

=
1

2
+

1

xn + 1
.Me un =

1

xn + 1
èqoume thn un+1 = 1

2
+ un me genik  lÔsh

un = u0 +
n

2
,�ra

1

xn + 1
=

1

x0 + 1
+

n

2
=

2 + n(x0 + 1)

2(x0 + 1)
=⇒

xn = ϕ(n, x0, λ) =
2(x0 + 1)

2 + n(x0 + 1)
− 1 =

2(x0 + 1) − 2 − n(x0 + 1)

2 + n(x0 + 1)

=
2x0 − n(x0 + 1)

2 + n(x0 + 1)
=

2x0 − n(x0 − λ)

2 + n(x0 − λ)
.



8 10. Na luje� to SÔsthma Exis¸sewn Diafor¸n
{

xn+1 = xn + 2yn

yn+1 = 3xn + 2yn

} (8)me thn kanonik  morf  Jordan tou p�naka tou sust mato
.LÔsh. To sÔsthma èqei thn morf  rn+1 = Arn ìpou
rn =

[

xn

yn

]

, A =

[

1 2
3 2

]

.H lÔsh tou sust mato
 e�nai rn = Anr0 kai zht�me ton An . O A èqeiqarakthristikì polu¸numo
ϕ(λ) = det(A − λI) =

[

1 − λ 2
3 2 − λ

]

= λ2 − 3λ − 4me r�ze
 λ1 = −1, λ2 = 4. Gia ta qarakthristik� dianÔsmata tou Aèqoume:Gia th r�za λ1 = −1,

[

2 2
3 3

] [

x

y

]

=

[

0
0

]

⇐⇒ x + y = 0me mia lÔsh
a =

[

x

y

]

=

[

−1
1

]

.Gia th r�za λ1 = 4,

[

−3 2
3 −2

] [

x

y

]

=

[

0
0

]

⇐⇒ x − y = 0me mia lÔsh
b =

[

x

y

]

=

[

1
1

]

.'Etsi èqoume ton p�naka
B = [a b] =

[

−1 1
1 1

] me B−1 =
1

−2

[

1 −1
−1 −1

]

=
1

2

[

−1 1
1 1

]

.'Etsi h kanonik  morf  Jordan tou p�naka A e�nai
J = B−1AB =

[

−1 1
1 1

] [

1 2
3 2

]

1

2

[

−1 1
1 1

]

=

[

−1 0
0 4

]

.



9Ep�sh
 J = B−1AB ⇐⇒ A = BJB−1. Me th Majhmatik  Epagwg apodeiknÔetai ìti An = BJnB−1 ìpw
 ep�sh
 ìti
Jn =

[

−1 0
0 4

]n

=

[

(−1)n 0
0 4n

]opìte èqoume
An = BJnB−1 =

[

−1 1
1 1

] [

(−1)n 0
0 4n

]

1

2

[

−1 1
1 1

]

=

=
1

5

[

4n + 3(−1)n 2 · 4n − 2 · (−1)n

3 · 4n − 3 · (−1)n 3 · 4n − 2 · (−1)n

]opìte gia th lÔsh èqoume
rn = Anr0 =

1

5

[

4n + 3(−1)n 2 · 4n − 2 · (−1)n

3 · 4n − 3 · (−1)n 3 · 4n − 2 · (−1)n

] [

x0

y0

]

=





1
5
[4n + 3(−1)n]x0 + 1

5
[2 · 4n − 2 · (−1)n]y0

1
5
[3 · 4n − 3 · (−1)n]x0 + 1

5
[3 · 4n − 2 · (−1)n]y0



11. Na luje� to SÔsthma (8) me to Je¸rhma Cayley-Hamilton.LÔsh. To sÔsthma èqei thn morf 
rn+1 = Arnìpou

rn =

[

xn

yn

]

, A =

[

1 2
3 2

]

.H lÔsh tou sust mato
 e�nai rn = Anr0. OA èqei qarakthristikì polu¸nu-mo
φ(λ) = det(A − λI) =

[

1 − λ 2
3 2 − λ

]

= λ2 − 2λ − 4me r�ze
 λ1 = −1, λ2 = 4. H algorijmik  (Eukle�dia) dia�resh tou λn meto φ(λ) d�nei upìloipo 1ou bajmoÔ υ(λ) = aλ + b kai èqoume
λn = φ(λ)p(λ) + υ(λ) = (λ62 − 3λ − 4)p(λ) + aλ = bKat� to je¸rhma Galley - Hamilton e�nai φ(A) = 0, �ra apì thn teleu-ta�a sqèsh èqoume

An = aA + bIEp�sh
 apì thn �dia sqèsh me λ = −1, 4 (ti
 r�ze
 tou φ) èqoume
[

(−1)n = a(−1) + b

4n = a · 4 + b

]

⇒
[

a = 1
5
[4n − (−1)n]

b = 1
5
[4n + 4(−1)n]

]
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φ(λ) =

∣

∣

∣

∣

1 − λ 2
3 2 − λ

∣

∣

∣

∣

= (1−λ)(2−λ)−6 = λ2−3λ+2−6 = λ2−3λ−4

λn = (λ2 − 3λ − 4)p(λ) + (aλ + b)

(−1)n = −a + b

4n = 4a + b

}

−→ 4a = 4n − (−1)n

a =
1

5
[4n − (−1)n]

b = a+(−1)n =
1

5
[4n−(−1)n]+(−1)n =

1

5
(4n+

4

5
)−1)n] =

1

5
[4n+4(−1)n]

An = φ(A)p(A)+a(A)+bI = aA+bI = a

[

1 2
3 2

]

+b

[

1 0
0 1

]

=

[

a 2a
3a 2a

]

=

[

b 0
0 b

]'Ara telik� èqoume:
An = aA + bI = a

[

1 2
3 2

]

+ b

[

1 0
0 1

]

=

[

a + b

3a 2a + b

]

=
1

5

[

4n + 3(−1)n 2 · 4n − 2 · (−1)n

3 · 4n − 3 · (−1)n 3 · 4n − 2 · (−1)n

]'Etsi h lÔsh tou sust mato
 e�nai:
[

xn

yn

]

= rn = Anr0 =
1

5

[

4n + 3(−1)n 2 · 4n − 2 · (−1)n

3 · 4n − 3 · (−1)n 3 · 4n − 2 · (−1)n

] [

x0

y0

]

=





1
5
[4n + 3(−1)n]x0 + 1

5
[2 · 4n − 2 · (−1)n]y0

1
5
[3 · 4n − 3 · (−1)n]x0 + 1

5
[3 · 4n − 2 · (−1)n]y0



 (9)12. Na luje� to SÔsthma (8) me ton Metasqhmatismì Z.LÔsh. Pa�rnonta
 ton Metasqhmatismì Z twn dÔo mel¸n tou Sust -mato
 èqoume
Z(rn+1) = Z(Arn) ⇐⇒ z[r̃(z) − r(0)] = Ar̃(z) ⇐⇒

(zI − A)z̃ = zr(0) ⇐⇒ r̃(z) = z(zI − A)−1r(0)Me ton ant�strofo metasqhmatismì èqoume
r(z) = Z−1[z(zI − A)−1]r(0) = Z−1

[

z(zI − A)−1
]

r(0)
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zI − A = z

[

1 0
0 1

]

−
[

1 2
3 2

]

=

[

z − 1 2
3 z − 2

]

z(zI − A)−1 = z

[

z − 1 2
3 z − 2

]

−1

= z
1

(z − 1)(z − 2) − 6

[

z − 2 −2
−3 z − 1

]

=
z

z2 − 3z − 4

[

z − 2 −2
−3 z − 1

]

=
z

(z + 1)(z − 4)

[

z − 2 −2
−3 z − 1

]

= z

[ z−2
(z+1)(z−4)

−2
(z+1)(z−4)

−3
(z+1)(z−4)

z−1
(z+1)(z−4)

]Gia ta kl�smata èqoume
z−2

(z+1)(z−4)
=

3
5

z+1
+

2
5

z−4
,

−3
(z+1)(z−4)

=
3
5

z+1
+

−3
5

z−4
,

−2
(z+1)(z−4)

=
2
5

z+1
+

−2
5

z−4
,

z−1
(z+1)(z−4)

=
2
5

z+1
+

3
5

z−4
.Telik� h lÔsh e�nai

r(z) = Z−1
[

z(zI − A)−1
]

r(0) = Z−1







z





3
5

z+1
+

2
5

z−4

2
5

z+1
+

−2
5

z−4

3
5

z+1
+

−3
5

z−4

2
5

z+1
+

3
5

z−4











r(0)

=
1

5
Z−1

[

3z
z+1

+ 2z
z−4

2z
z+1

+ −2z
z−4

3z
z+1

+ −3z
z−4

2z
z+1

+ 3z
z−4

]

r(0) =
1

5
Z−1

[

3z
z+1

+ 2z
z−4

2z
z+1

+ −2z
z−4

3z
z+1

+ −3z
z−4

2z
z+1

+ 3z
z−4

]

r(0)

=
1

5

[

4n + 3(−1)n 2 · 4n − 2 · (−1)n

3 · 4n − 3 · (−1)n 3 · 4n − 2 · (−1)n

] [

x0

y0

]

=
1

5





{4n + 3(−1)n} x0 + {2 · 4n − 2 · (−1)n} y0

{3 · 4n − 3 · (−1)n} x0 + {3 · 4n − 2 · (−1)n} y0



13. Na luje� to SÔsthma Exis¸sewn Diafor¸n
{

xn+1 = 9xn + 2yn ,

yn+1 = −8xn + yn .

} (10)me thn kanonik  morf  Jordan tou p�naka tou sust mato
.LÔsh. To sÔsthma èqei thn morf  rn+1 = Arn ìpou
rn =

[

xn

yn

]

, A =

[

9 2
−8 1

]

.



12 H lÔsh tou sust mato
 e�nai rn = Anr0 kai zht�me ton An . O A èqeiqarakthristikì polu¸numo
ϕ(λ) = det(A − λI) =

[

9 − λ 2
−8 1 − λ

]

= λ2 − 10 λ + 25me r�ze
 �se
 λ = λ1 = λ2 = 5. Gia ta qarakthristik� dianÔsmata tou Aèqoume:Gia th r�za λ = 5,
[

4 2
−8 −4

] [

x

y

]

=

[

0
0

]

⇐⇒ 2x + y = 0me mia lÔsh
a =

[

x

y

]

=

[

1
−2

]

.To deÔtero di�nusma to br�skoume me thn alus�da.
[

4 2
−8 −4

] [

x

y

]

=

[

1
−2

]

⇐⇒ 4x + 2y = 1me mia lÔsh
b =

[

x

y

]

=

[

0
1
2

]

.'Etsi èqoume ton p�naka
B = [a b] =

[

1 0
−2 1

2

] me B−1 =
1
1
2

[

1
2

0
2 1

]

=

[

1 0
4 2

]

.H kanonik  morf  Jordan tou p�naka A e�nai
J = B−1AB =

[

1 0
4 2

] [

9 2
−8 1

] [

1 0
−2 1

2

]

=

[

5 1
0 5

]

.Ep�sh
 J = B−1AB ⇐⇒ A = BJB−1. Me th Majhmatik  Epagwg apodeiknÔetai ìti An = BJnB−1 ìpw
 ep�sh
 ìti
Jn =

[

5 1
0 5

]n

=

[

5n n 5n−1

0 5n

]opìte èqoume
An = BJnB−1 =

[

1 0
−2 1

2

] [

5n n 5n−1

0 5n

] [

1 0
4 2

]

=

= 5n−1

[

5 + 4n 2n
−8n 5 − 4n

]



13opìte gia th lÔsh èqoume
rn = Anr0 = 5n−1

[

5 + 4n 2n
−8n 5 − 4n

] [

x0

y0

]

.14. Na luje� to SÔsthma (10) me to Je¸rhma Cayley-Hamilton.LÔsh. To qarakthristikì polu¸numo tou (10) (Prìblhma 13) e�nai
ϕ(λ) = det(A − λI) =

[

9 − λ 2
−8 1 − λ

]

= λ2 − 10 λ + 25me r�ze
 �se
 λ = λ1 = λ2 = 5. H algorijmik  (Eukle�dia) dia�resh tou
λn me to ϕ(λ) d�nei upìloipo 1ou bajmoÔ υ(λ) = aλ + b kai èqoume

λn = ϕ(λ)p(λ) + υ(λ) = (λ2 − 10 λ + 25)p(λ) + aλ + b

= (λ − 5)2p(λ) + aλ + b (11)Me parag¸gish èqoume
nλn−1 = 2(λ − 5) p(λ) + (λ − 5)2p ′(λ) + a (12)Kat� to Je¸rhma Cayley-Hamilton e�nai ϕ(A) = 0, opìte apì thn (11)èqoume

An = aA + bI .Me λ = 5 (th r�za tou ϕ) apì ti
 (11), (12) èqoume
{

5n = a5 + b

n5n−1 = a

}

=⇒
{

a = n5n−1

b = 5n(1 − n)

}

.'Ara telik� èqoume:
An = aA + bI = a

[

9 2
−8 1

]

+ b

[

1 0
0 1

]

=

[

9a + b 2a
−8a a + b

]

= 5n−1

[

5 + 4n 2n
−8n 5 − 4n

]

.'Etsi h lÔsh tou sust mato
 e�nai:
[

xn

yn

]

= rn = Anr0 = 5n−1

[

5 + 4n 2n
−8n 5 − 4n

] [

x0

y0

]

.



1415. Na diakritopoihje� h Diaforik  Ex�swsh:
x′ = ax + b .LÔsh. H par�gwgofo


x′(t) = lim
ε→0

x(t + ε) − x(t)

εprosegg�zetai apì ton lìgo
x(t + ε) − x(t)

εtìso kalÔtera ìso to ε e�nai mikrìtero. 'Etsi, h DE prosegg�zetai apothn ex�swsh:
x(t + ε) − x(t)

ε
= ax(t) + b ⇐⇒ x(t + ε) = x(t) + ε[ax(t) + b] ⇐⇒

x(t + ε) = (1 + εa)x(t) + εbAn t¸ra diairèsoume to [0, t] se n �sa mèrh ε = t
n

, èqoume t = nε kai hteleuta�a Ex�swsh g�netai
x(nε + ε) = (1 + εa) x(nε) + εb .Me x(nε) = xn, èqoume thn ex�swsh Diafor¸n

xn+1 = (1 + εa) xn + εb .16. Na lÔsete th sunarthsiak  Ex�swsh Diafor¸n:
x(t + 0.5) = a x(t) + b .LÔsh. H ex�swsh èqei stajer  lÔsh �sh me ρ = b

1−a
. Onom�zoume n toakèraio mèro
 tou t

1/2
, dhlad  n =

[

t
1/2

]

= [2t] kai tìte
n ≤ 2t < n + 1 ⇐⇒ 2t = n + w, 0 ≤ w < 1

t =
n

2
+

w

2
=

n

2
+ ϑ, 0 ≤ ϑ <

1

2
.H ex�swsh g�netai

x(
n

2
+ ϑ +

1

2
) = a x(

n

2
+ ϑt) + b .



15Me x(n
2

+ ϑ) = xn èqoume thn E.D.
xn+1 = a xn + b .th
 opo�a
 h lÔsh e�nai

x(t) = x(
n

2
+ ϑ) = xn = an(x0 − ρ) + ρ

= a[2t] [x(ϑ) − ρ] + ρ ,ìpou
x(ϑ) = x(t − n

2
) = x

(

t − [2t]

2

)e�nai h arqik  sun�rthsh pou or�zetai sto [0, 1
2
) dhlad  oi arqikè
 au-ja�rete
 timè
 th
 lÔsh
 sto [0, 1

2
).17. H ED pou or�zei h sun�rthsh

f : R −→ R , f(x) = −3

2
x2 +

5

2
x + 1 ,(aþ) èqei dÔo apwjhtik� (astaj ) stajer� shme�a,(bþ) to x0 = 0 e�nai periodikì me per�odo p = 3 (3-periodikì) kai to

( 0, 1, 2 ) e�nai èna
 astaj 
 (apwjhtikì
) 3-kÔklo
.Apìdeixh.(aþ) Gia ta stajer� shme�a èqnoume thn ex�swsh
f(x) = x ⇐⇒ −3

2
x2 +

5

2
x + 1 = x

⇐⇒ −3

2
x2 +

5

2
x + 1 − x = 0 .me r�ze


e1,2 =
3 ±

√
33

6Gia to e�do
 th
 eust�jeia èqoume
f ′(x) = −3 x +

5

2
,

|f ′(e1,2)| =

∣

∣

∣

∣

∣

3 ±
√

33

6

∣

∣

∣

∣

∣

> 1kai ta stajer� shme�a e�nai apwjhtik�.



16 (bþ) IsqÔoun
x1 = f(x0) = f(0) = 1 ,

x2 = f(x1) = f(1) = 2 ,

x3 = f(x2) = f(2) = 0 = x0 ,�ra h diatetagmènh tri�da ( x0, x1, x2 ) = ( 0, 1, 2 ) e�nai èna
 3-kÔklo
. Ep�sh
 isqÔoun �ra
(f 3) ′(0) = (f 3) ′(x0) = f ′(x2)f

′(x1)f
′(x0) =

= f ′(2)f ′(1)f ′(0) =
−7

2

−1

2

5

2
=

35

8
> 1 ,�ra o 3-kÔklo
 ( 0, 1, 2 ) e�nai èna
 astaj 
 (apwjhtikì
) 3-kÔklo
.18. H ED pou or�zei h sun�rthsh

f : R −→ R , f(x) =
π

2
cos x ,(aþ) èqei èna stajerì shme�o e sto di�sthma (0, π

2
),(bþ) to x0 = 0 e�nai periodikì me per�odo p = 2 (2-periodikì) kai todiatetagmèno zeÔgo
 ( 0, π

2
) e�nai èna
 eustaj 
 (elktikì
) 2-kÔklo
.Apìdeixh.(aþ) Gia thn g(x) = f(x) − x parathroÔme ìti

g(0) =
π

2
, g(

π

2
) = −π

2kai sumpera�noume ìti h f èqei èna stajerì shme�o e sto di�sthma
(0, π

2
).(bþ) IsqÔoun

f(0) =
π

2
, f(

π

2
) = 0 ,�ra to ( 0, π

2
) e�nai èna
 2-kÔklo
. Ep�sh


f ′(x) = −π

2
sin xkai

(f 2) ′(0) = f ′(
π

2
)f ′(0) = 0 =⇒ |(f 2) ′(0)| < 1�ra o 2-kÔklo
 ( 0, π

2
) e�nai èna
 elktikì
 2-kÔklo
.



1719. Na brejoÔn ta stajer� shme�a th
 Logistik 
 ex�swsh

xn+1 = µ xn(1 − xn)gia ti
 di�fore
 timè
 th
 paramètrou µ kai to e�do
 th
 eust�jei�
 tou
.LÔsh. H sun�rthsh pou or�zei thn Logistik  Ex�swsh e�nai h

f : R −→ R, f(x) = µ x(1 − x) .Gia ta stajer� shme�a èqoume thn ex�swsh
f(x) = x ⇐⇒ µ x(1 − x) = x ⇐⇒ x(µ − 1 − µx) = 0kai ta stajer� shme�a e�nai ta

e0 = 0, eµ = 1 − 1

µ
.Gia to e�do
 th
 eust�jeia
 èqoume

f ′(x) = µ − 2µ x ,

f ′(e0) = µ, f ′(eµ) = µ − 2µ
(

1 − 1

µ

)

= 2 − µ .ètsi èqoume
|f ′(e0)| < 1 ⇐⇒ |µ| < 1 ⇐⇒ −1 < µ < 1 ,

|f ′(eµ)| < 1 ⇐⇒ |2 − µ| < 1 ⇐⇒ 1 < µ < 3 .Opìte h eust�jeia e�nai ìpw
 ston epìmeno p�naka:
e0 eµ

µ < −1 astajè
 astajè

µ = −1 oudètero astajè

−1 < µ < 1 eustajè
 astajè

µ = 1 oudètero oudètero
1 < µ < 3 astajè
 eustajè

µ = 3 astajè
 oudètero
3 < µ astajè
 astajè
20. Gia th sun�rthsh
f : R −→ R, f(x) = µ x(1 − x) .pou or�zei thn Logistik  Ex�swsh

xn+1 = µ xn(1 − xn)



18 na brejoÔn oi timè
 th
 paramètrou µ ¸ste h f na perior�zetai sthn
f : [0, 1] −→ [0, 1].LÔsh. IsqÔoun

f(0) = 0 , f(1) = 0 , f ′(x) = µ − 2µ x, f ′′(x) = −2µ .

f ′(x) = 0 ⇐⇒ x =
1

2
.Gia µ = 0 e�nai f = 0 (tautotik�). Gia µ 6= 0 h f èqei akrìtao �so me

y0 = f
(1

2

)

=
µ

4
.to opo�o e�mai mègisto gia µ > 0. Me 0 < µ < 4 to mègisto e�nai

0 < y0 < 1 kai h f perior�zetai sto [0, 1].


